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SUMMARY 
Let .3 be the simple group discovered by J. H. Conway (5). Let Ca be the 
centralizer of an involution in the center of a Sylow 2-subgroup of .3. The 
group C, is used to characterize the group .3; namely, we prove the following: 
MAIN THEOREM. Let G be a finite group with the following properties: 
(i) G has an involution s with CG(s) s CO 
(ii) G # C,(s) . O(G). 
Then G s .3. In particular, .3 is the only simple group satisfying (i). 
In the process of proving the Main Theorem, we obtain the character 
table of .3, describe the local structure of .3, and prove that .3 has no outer 
automorphisms. 
The simple groups discovered by J. H. Conway (5) are defined by him in 
terms of J. Leech’s 24-dimensional lattice A. They are subgroups (.2 and .3) 
and a quotient group (.l) of the automorphism group .O of A. Using Conway’s 
definition, we analyze the structure of the group .3. In particular, we describe 
the centralizer C,, of an involution in the center of a Sylow 2-subgroup of .3. 
This centralizer is used to characterize the group, in the Main Theorem of 
the thesis: 
MAIN THEOREM. Let G be a finite group with the following properties: 
(i) G has an inoolution s with C,(s) s CO 
(ii) G =#= C,(s) . O(G). 
Then G e .3. In particular, .3 is the only simple group satisfying (i). 
159 
Copyright 0 1973 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
481l24/1-11 
160 FENDEL 
Theorems of this type have been used to characterize numerous other 
simple groups (see Suzuki’s list in (18)). 
In the process of proving the Main Theorem, we obtain the character table 
of .3 (Table 5). 
Chapter 1 summarizes the definitions, notation, and basic results needed 
from Conway’s work. We also prove a theorem describing the automorphism 
groups of certain sublattices of A. Chapter 2 is also a summary of known 
results, containing the needed character and block theory, and elementary 
results about the Weyl group Es . Chapter 3 discusses centralizers of involu- 
tions in .3. In particular, we describe C,, . Chapter 4 begins the proof of the 
Main Theorem: we obtain, for a group G satisfying the hypotheses of the 
Main Theorem, the centralizers of involutions of G, the order of G, and the 
p-local structure of G for p = 5, 7, 11, 23. We show, incidentally, that G 
has no outer automorphisms. In Chapter 5, we obtain the character table of G. 
We conclude the proof of the Main Theorem in Chapter 6, using a theorem of 
W. Feit on 23-dimensional lattices. 
Notation. 
Most notation is standard. Mr, and IM,, are the Mathieu groups. p” j/ b 
means pn divides b, but p %+l does not. Symbols introduced to denote specific 
elements of groups retain their meaning throughout the paper. “Character” 
means complex, irreducible character. 
1. THE LEECH LATTICE AND CONWAY’S GROUPS 
Let Sz be a 24-element set, and let D be a Steiner (5, 8, 24)-system for Q 
i.e., a collection of S-element subsets of Q, called octads, such that every 
5-element subset of Q is contained in a unique octad. Such a system exists 
and is essentially unique; Todd (19) gives an explicit system u for 
B = {co, 0, l,..., 22}, which we shall use where needed. The automorphism 
group of 0 (i.e., the permutations of D fixing the set u) is the Mathieu group 
M,, . 
Under symmetric difference (A + B = (A - B) u (B - A)), the power 
set 2R becomes a vector space over GF(2). The octads span a 12-dimensional 
subspace %, consisting of 4, Q, the 759 octads, their 759 complements, and 
2576 sets of cardinality 12, called dodecuds. Vn denotes the set of elements of 
%? of cardinality n, so %Ys = u. Tables 1 and 2 give information concerning 
intersection possibilities for octads and dodecads. 
Let {vi : i E Q} be an orthonormal basis for Euclidean space R24. If S _C Q, 
let z.‘~ = &ES zli , and if m E Z, let [S, m] be the set of vectors x = C xicui 
with xi E Z, C xi = 4m, and xi = m or m + 2 (mod 4) according as i $ S or 
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TABLES 1 AND 2 (taken from (5)) 
Let {aI ,..., a,} E O. The (j + 1)th entry of the (i + 1)th row of Table 1 gives the 
number of octads intersecting {a, ,..., ai} in precisely {a, ,..., aj}. The corresponding 
entry in Table 2 gives the number of dodecads intersecting {aI ,..., ai} in precisely 
Ia1 ,..., a,}. 
159 
506 253 
330 176 71 
210 120 56 21 
130 80 40 16 5 
78 52 28 12 4 1 
46 32 20 8 4 0 1 
30 16 16 4 4 0 0 1 




616 612 616 
280 336 336 280 
120 160 176 160 120 
48 72 88 88 72 48 
16 32 40 48 40 32 16 
0 16 16 24 24 16 16 0 
0 0 16 0 24 0 16 0 0 
Table 2 
i E S. The leech lattice /1 is defined as the union of all [S, m], S E V, m E b, 
and we define .O = Aut(Q. For x, y E A, we have the inner products 
(x, y) E 8 . Z, and (x, x) E 16 . Z. If (x, x) = 16n, we say x has type n; we set 
(1, = {x E /1 : x has type n}. There are no vectors of type 1, but for 
n = 2, 3, 4, 5, the group .O acts transitively on A, , and we can unambigu- 
ously define .n as the subgroup of .O fixing a vector of type IZ. (This is con- 
sistent with the notation .O). If x has type 12, and is the sum of two vectors 
of types a and b, we say x has type TZ,,~; this refinement allows us to define 
groups .na,b unambiguously for larger values of 7t. In particular, we observe 
that .O acts transitively on vectors of type 6,,, , so the group .6,,, is well- 
defined. Also *n is the group preserving the l-dimensional space spanned 
by a vector of type n, and similarly for *n,,b . We write cl(x) for the set of 
vectors orthogonal to x, and A(n) or cl(n,,,) for the lattice orthogonal to a 
vector of the given type. 
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We now consider the group .O. For S C Q, define 




.O has a subgroup E = (es : S E Q, which is elementary abelian of order 212. 
.O also has a subgroup M, isomorphic to Mz, , acting as a permutation group 
on {vi}; M normalizes E, and we set N = E M. 
PROPOSITION 1.1. If x E .O fixes a coordinate vector vi , then x E N. 
Proof (from (5)). The only vectors v satisfying (vi, v) = 0 and 
4(vi + v) E -4, are {& vj : j # i}. Hence x acts as a signed permutation. For 
SE Vs , we have 2v, E A, so x acts on Vs . Since Aut(o) = Mz4 , we can 
adjust x by an element of Ms.0 that x(q) = 5 vj . Finally, since vB - 4vi E fl, 
we have (j : x(vi) = - q] E V, so x E E, as desired. 
PROPOSITION 1.2. N is a maximal proper subgroup of .O. 
(For proof, see (5).) 
Let T,, be a 4-element subset of Q, and Tl ,..., T5 the five 4-element sets 
with T,,+ T,E%?~. Define 71 TO(vj) = uj - Q v rs , where j E Ti , and set 
CT, = ~~T,ET~. Conway shows CT0 E .O, so .O = (N, CT,>. A counting argument 
using Proposition I. 1 gives the order of .O, and further counting arguments 
give orders for other groups .n,,[> . 
THEOREM I .3. 
(9 Aut(/‘l(2)) = *2 1 *21 =21g.36.53.7.11 .23 
(ii) Aut(fl(3)) = *3 i*31=211.3’.53.7.11.23 
(iii) Aut(fl(6a.s)) = *6,,, / *6,,, j = 211 . 33 . 5 . 7 . 11 .23 
We need two lemmas about o: 
LEMMA 1.4. Let a, b, c be distinct elements of Sz, let 52’ = Q - {a, b, c), 
and let u’ = {S n Q’ : S E CT, S n {a, b} = 4 or {a, b}}. Let M’ be the restriction 
to J2’ of the subgroup of Mz4 Jixing {a, b} and {cl. Let H be a permutation group 
on Q preserving (J’. Then H C M’. 
LEMMA 1.5. Let Deg12 and o”=(SnD:SEo,/SnDi=6}. Let 
&I” be the restriction to D of the subgroup of Mz4 preserving D. Let H be a 
permutation group on D preserving 0”. Then H C M”. 
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Proof of Lemmas. The two lemmas are proved similarly, using transitivity 
properties of Ma4 . In Lemma 1.4, we can reduce to the case where H fixes 
pointwise S n 9’ for some SE u with a, b, c E S, and also fixes some 
d E Q’ - S. In Lemma 1.5, we can reduce to the case where H fixes 
pointwise some element of 0”. In either case, it follows easily from Todd’s 
table for 0 that H = (1). 
Proof of Theorem. The orders are taken from (5). 
(i) Let 01~ = 4v, - 4~s be our element of type 2. Set K = Aut(cl(g)) 
and /3 = 8v,, . Thus K 1 *2, and we wish to show equality. 
LEMMA 1.6. If x E KB , then x E *2. 
Proof. As in the proof of Proposition 1 .l, x acts on those vectors & vi 
which belong to A(%, /3), namely {& vi : i = l,..., 21). Disregarding signs 
for the moment, (x) fits the role of H in Lemma 1.4, with a = 03, b = 0, 
c = 22. Since “2 2 M’, we can modify x by an element of *2 so that 
x(q) = EiVi (i = l,..., 21), ci = & 1. Also, x(v, + v,,) = <(vU, + v,,), E = -f 1. 
Adjusting x by cSo for some S,, E cr with co, 0, 1 4 S, , we may assume E = 1. 
Now x(v9 - 4v,,) = v Hence c E v, so x = tc: ---Fy$ $E;e;i;edyhere c = 1; : Ei = - 11. 
It remains to show that the orbit of /3 under K is the same as its orbit 
under *2. .O has two orbits of pairs of vectors (wl , wa) with (wr , wr) = 64, 
(w2 3 wa) = 32, and (wl , wa) = 0, since .O is transitive on /l, and (.O), has 
two orbits on A&3). Therefore *2 has two orbits on /l,(al). A simple counting 
argument shows that these two orbits have sizes 22 . 34 * 52 . 11 . 23 and 
28 . 34 * 52 . 11 .23, with /3 in the smaller orbit. Thus either K = *2 or 
(K : *2) = 65. The latter violates Sylow’s theorem for p = 23, since 
C,(S,,(K)) = S,,(K) x (eg) due to the rationality of the representation. 
This proves (i). 
(ii) Let D E V,, , 22 +! D. Let 01~ = 20,) /3 = 8v,, , and 
K = Aut(Jor,)), so K Z *3, and we wish to show equality. As in (i), “3 has 
two orbits on /14(ozJ; their sizes are 2 . 36 . 53 . 11 * 23 and 2s . 35 . 52 .7 * 23. 
If the two orbits were to fuse under K, we would get 1 K 1 divisible by 389, 
contradicting the rationality of the representation. Thus we need only prove: 
LEMMA 1.7. If x E K, , then x E “3. 
Proof. As in Lemma 1.6, x acts on {f vi : i $ D, i # 22). We can apply 
Lemma 1.4 to reduce to the case X(VJ = + vi . Also, x acts on 
urn = (vi - vi : i #j, i, j E D}; but since we can find w1 , w2 , and w3 E a”’ 
with 2(w, + w, + ws) + 20,~ - 2vi E A(ol,) for i 6 D, and cannot find them 
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with -vi in place of vi, it follows that x(vJ _- vi for i $ D. Also 
for i,j E D, distinct, there exists S E o with S n D = {i, jj. It follows 
that zc(vi - vj) -= & (vi - v~). In order for this to hold for all pairs i, j, 
the signs must all be the same, so either x = 1 or x = ho , proving the Lemma 
and (ii). 
(iii) Let 01s = 2v, and K = Aut(/l(cr,)). Again K1 *6,,, and we have 
to prove equality. *6,,, has two orbits on &(~ys), with elements of the forms 
42~ - 4vi (; f j) and 2vr0 -22~~~ (I T,/ = IT11 =4 and T,,+ T,EcT). 
These orbits have respective sizes 24 $23 and 759 . (i). If they fuse under K, 
we get / K / divisible by 389, which is impossible. Thus K preserves the two 
orbits. Since *6,,, = M x (Q>, we can adjust x E K by an element 
of *63,2 so that x fixes v,‘, - v0 and v, - ai. But then x acts 
on (v, - vj :j = 2,..., 22}, and we can apply Lemma 1.4 with a = 0, 
b = 1, and c = co, and modify s by an element of *6,,, so that x fixes all 
vcc - vuj , and so x = 1, proving (iii) and completing Theorem 1.3. 
COROLLARY 1.8. IfIHl==l.3/, and H is contained in one of the three 
groups Aut(fl(2)), Aut(J3)), Aut(fl(6,,,)), then H = .3. 
Proof. We have identified these three groups in Theorem 1.3, and only *3 
has order divisible by 3’. Thus H _C *3 = .3 x (co), and simplicity of .3 
forces H = .3. 
The group .3 is the main object of study of this thesis. Henceforth we shall 
denote this group G,, . Where appropriate, we choose a specific vector in fla 
to define the group. 
2. SOME NECESSARY RESULTS 
Section A. Characters and Blocks 
(For proofs of these results, see (7) for 2.1, 2.2, 2.5; (1, 2, 8) for 2.3, 2.4; 
and (4) for 2.6, 2.7.) 
H is any finite group. Throughout the thesis, we use the term character 
to mean irreducible, complex character. B is an appropriate extension of the 
prime p. 
THEOREM 2.1. Let p, p’ be characters of H and x E H. 
(9 ~(4 = P(W) (mod 9 
(ii) q,(x) = 1 H I/I C,(x)/ * p(x)/p(l) is an algebraic integer. 
(iii) p andp’ are in the samep-block of H if and only ;fw, = wO’ (mod 9). 
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THEOREM 2.2. Let x, y, z E H. The number of pairs (xl , yl) with x, - x, 
y1 - y, and xlyl = z is given by: 
IHI 
I C.&)/ * I Cff(Y)l 
c P(X) P(Y) PC4 
P(l) 
summed over all characters of H. 
We are interested in the case where x2 = y2 = 1, so that ~“1 = .zvl = z-l 
for pairs (x1 , yl) as above. In particular, if x 7CH z-l, the expression above 
vanishes. An equation from Theorem 2.2 with x2 = y2 = 1 will be called a 
realness equation for x. 
THEOREM 2.3. Suppose I H 1 = pg, , (p,g,,) = 1. Let P = (a) be an 
S,(H), and C(P) = P x K. Then N(P) acts on the characters of K by con- 
jugation, and thep-blocks of H of defect 1 are in 1-l correspondence with the 
orbits of this action. 
Let 6 be the sum of the characters in such an orbit, containing to characters, 
and set e, = (N(P) : C(P))/te . Th en the block BB corresponding to this 
orbit has the following properties: 
(i) B, has e0 p-rational characters p1 ,..., pe, , called non-excep- 
tional, and an exceptional family of (p - 1)/e@ p-conjugate characters 
PC.,+1 >***3 peg+(P-lJ,eg . (If ee = p - 1, Be has p characters, and we arbitrarily 
choose one of these to be the exceptional family.) 
(ii) There are signs ai , i = l,..., e, + 1 with 
eg-1 
p,,+l(c@) = - 8,,+,f?(fi) c W+~“‘“-ll’eg for/IEK, j+O(modp) 
T=O 
(where w is a primitive p-th root of unity, and e is a primitive root mod p). 
(iii) For /3 p-regular in H, we have x2!’ Sip@) = 0. The case /3 = 1 
is called the degree equation for Be . 
(iv) BB has e, modular irreducible characters C1 ,..., #Jo*. Each $j is a 
modular constituent of exactly two pi’s (i = l,..., e, + l), has multiplicity 1 
in each of these, and the signs Si for these two pi are opposite. Hence we can 
construct a graph with vertices p1 ,..., peg+l and edges $r ,..., Ce,, with pi 
an endpoint of +j if and only if & is a modular constituent of pi . 
(v) In this graph, the real modular characters form a single line, and 
complex conjugation induces a symmetry about this line. 
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Remark. The principal block B,(p) corresponds to the orbit consisting 
of the principal character of K. 
THEOREM 2.4. Let / H 1 = pag,, , (p, g,,) = 1. Suppose pa-l 11 p(l). Then p 
belongs to a p-block B of deject 1, which has the properties (i)-(v) of Theorem 2.3 
for some divisor e of p - 1, except that we replace (ii) by 
(ii)’ There are signs 6, ,..., aefl and an integer N such that 
pi( 1) = 6,N (mod pa) (i = I,..., e) 
pe+dl) = - eh+lN (mod pa). 
THEOREM 2.5. If C aipa vanishes on all p-singular elements of H, then so 
does &B(D) aipi > f or B(p) any p-block. Further, if {ai} 2 Z then 
p,& aipi(l) = 0 (modpa), 
where p” )I j H j . 
THEOREM 2.6. Let 1 H / = paqbg, , (pq, g,,) = 1 (p, q distinct primes), 
and suppose H has no elements of order pq. Then for cx p-singular, we have: 
prB&nBnB(u) ~(4 ~(1) = 0 (mod qb) 
where B(p) and B(q) are any p- and q-blocks. 
The principle of Theorem 2.6 is known as block separation. The equation 
can be simplified if B(p) has defect 1 by using Theorem 2.3 to obtain the 
value of p(u). 
THEOREM 2.7. Suppose Z(H) = (1) and p is a faithful character with 
~(1) = P’. Then P I B,(P). 
We include one more result, which is a synthesis from Theorems 2.2, 2.3, 
and 2.5. 
THEOREM 2.8. Suppose I H / = pg, , (p, g,) = 1, and suppose the elements 
of order p in H are non-real, Then for x2 = y2 = 1 and any p-block Be of 
defect 1, we have: 
+x3+1 s 
c 
iPi&) Pi(Y) = 0. 
1=1 Pi(l) 
Equations of this sort play an important role in chapter 5, and will be 
called block-realness equations. 
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Section B. The Weyl group E, 
(For these results, see (14).) 
Let wr ,... vs be an orthonormal basis for Rs, and let SE! be the lattice 
spanned by {C a,vi : a, E& ai = 0 (mod 2)}, together wrth the vector 
4 &, vi . The automorphism group of this lattice is the Weyl group Es . 
THEOREM 2.9. 
(i) / Es / = 214 . 35 * 52 * 7. 
(ii) 1 Z(E,)I = 2. 
(iii) Es’, the commutator subgroup, has index 2 in E, and contains Z(E,). 
(iv) E,‘/Z(E,) is simple. 
A table of conjugacy classes for E,/Z(E,) can be found in (14). 
3. CENTRALIZERS OF INVOLUTIONS 
In this chapter we analyze the structure of the centralizers of involutions 
of G,, . Some of this analysis is more easily done in the context of the larger 
group .O. 
For any involution E of .O, define: 
A+(E) ={x En : c(x) = x}; k(E) = {x E A : c(x) = - x}. 
Let Q E ws, and C = C,a(~o), so C acts on A-(,,). Let K be the kernel of 
this action, and set E = co . 
PROPOSITION 3.1. (1-(c) z dpE, , so C/Kc E8 . 
Proof. /V(E) is clearly generated by {4(vi + vj) : i, j E Q} and 221~ . A 
change in scale proves the assertion. 
THEOREM 3.2. 1 K / = 2O and C/Kg E,‘. 
Proof. By Proposition 1.1, K c N. Letting 
E, = (Ed : R E %, R n Q = #}, 
we have 1 E, 1 = 2j by Table 1. Since ( M, 1 = 24 (see (19)), with MO 
normalizing E, , we have the first assertion. 
We have C I E,M(,, > K. Also if / T / = 4, T C Q, we have cr E C. Then 
C, = (E,Mt,l , cr) acts with determinant 1 on A-(E), so Cl/KC ES’. 
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Since 1 EoM,,) 1 = 213 32 . 5 . 7, we have (E8’ : C,/K) properly dividing 
33 . 5. Sylow’s theorem for p == 7 forces the index to be 1, 9, or 15 (since 
C(S,(E,‘)) = S,(E,‘) x Z(E,)). But E,’ has no subgroup of index < 15, 
since E,‘/Z(E,) is simple and / E,‘/Z(E,)i { 15!. Thus we have Cl/Kg E,‘. 
Since 223 { j .O 1 , we cannot have C/Kg E8 , so C = C, , and the Theorem 
is proved. 
C also acts on A,+(E), which consists of vectors of the form: 
where Qa~%?s, Q,,nQ=+, j$Q,,uQ, &,6=&l, and Ci,006i-2 
(mod 4). Using Table 1, we see that there are 30 ’ 8 . 2s such vectors, and it is 
easily verified that C acts transitively on these. Further, no element of K 
fixes any such vector. We choose q, arbitrarily in A,+(,), so we can take 
Go = (.O),O . We set sa = E and C,, = CcO(sO). 
We have shown: 
THEOREM 3.3. 
/ co 1 = g&+10.34.5 .7, 
Co C E,‘, and C,/(s,) _C E,‘/Z(E*). 
COROLLARY 3.4. so is in the center of a Sylow 2-subgroup of Go . 
We now identify the group Co/(so): 
THEOREM 3.5. Let 1 H / = 2g . 3* * 5 . 7. Suppose 1 C(S,(H))/ = 7 and 
I ‘T&W))I not d ivisible by 25 or 32. Then H has a character of degree 7. 
COROLLARY 3.6. Let H be as in Theorem 3.5. Then Hr Sp(6, 2). 
COROLLARY 3.7. Co/(so) s Sp(6,2). 
Proof of Corollaries. Corollary 3.6 is immediate from Wales’ list (20) 
of groups of degree 7. The centralizer conditions of Theorem 3.5 can be 
verified for the subgroups of order 7 and 5 of E,‘/Z(E,). Corollary 3.7 thus 
follows from Theorem 3.3. 
Proof of Theorem. Let P = S,(H) and S = S,(H). We prove the theorem 
in a series of steps. 
Step 1. j N(P)/ = 42 and 1 N(S)/C(S)l = 2 or 4. 
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The first results from Sylow’s theorem. The second follows from Burnside’s 
normal p-complement theorem (for if H has a normal 5-complement, S 
normalizes, hence centralizes, an S,(H)). 
Step 2. Z(H) = (1); H has no non-identity normal subgroup of index 
divisible by 2’j. 
Z(H)C C(P) = P, and P$Z(H), so Z(H) = (1). Suppose next 
that L 4 H, with 26 1 ; H/L / . If 7 1 1 L / , we have H = LN(P), so 
H/L = N,(P)/N,(P), of order < 6, impossible. Hence P normalizes, and 
acts fixed-point-free on, an S,(L) and an S,(C(L)) for p = 2, 3, 5. This 
forces / L 1 = 8 and 1 C(L)1 = 8%. Hence 34 1 1 H/C(L)\ , which is impossible 
since H/C(L) acts faithfully on L, and 34 f 1 Aut(L)I . 
Step 3. If H has a character of degree 64, it does not belong to B,(2). 
By Step 2 and Theorem 2.7. 
Step 4. B,(7) has 7 characters p1 = 1, pa ,..., p, with pi(l) = Si (mod 7); 
B,(5) has e = / iV(S)/C(S)l p-rational characters 4r = 1,...,4, and a family 
of (4/e) p-conjugate characters $e+l ,..., $e+4,e , with &(l) = ci (mod 5) 
(i = I,..., 4 and h+dl) = - ece+l (mod 5). For some i, j, we have pi = & 
with ai # cj . We may assume i = 2. 
These results are immediate from Theorems 2.3 and 2.6. 
Step 5. In the notation of Step 4, pa(l) = 216. Also e = 4. 
The possible values for ~~(1) from the congruence conditions are 6, 48, 
64, 162, 216, 512. The cases 48, 162, 512 force e = 2, j = 3, and the degree 
equations give &(l) = 49, 161, 511, respectively. These are obviously 
impossible. The case pz( 1) = 6 is eliminated by reference to Lindsay’s list (16) 
of groups of degree 6. If pa(l) = 64, then by Step 3, pz 4 B,(2). By computer, 
all degree equations for B,(7) were found, and all were eliminated using 
block separation for the primes 2 and 7. Thus pz( 1) = 216. Further, if e = 2, 
then j = 2 and &(l) = 217, which is impossible. 
Step 6. The degree equation of B,(5) is one of the following: 
1 + 216 + 21 = 14 f 224, 1 + 216 + 56 = 189 + 84 
1+216=189+14+14. 
(By explicit computation by hand.) 
Step 7. H has an element h of order 15. 
By Theorem 2.4, pz $ B,(3). If Step 7 were false, we could apply block 
separation for the primes 3 and 5 to eliminate all cases from Step 6, a contra- 
diction. 
Step 8. j C(S)] = 30; S,(C(S)) has order 6. 
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This is immediate from Sylow’s theorem, Step 7, the condition e =- 4 
from Step 5, and the conditions on C(S) imposed by the theorem. 
Step 9. H has no character of degree 162. 
Since 34 1 162, such a character would vanish on the 3-singular element k of 
Step 7. But this character also would belong to a 5-block of defect I, which 
by Theorem 2.3, using Step 8, cannot vanish on h. 
Step 10. There is no character p of degree 540 in the 3-block containing 
P2 * 
Such a character would vanish on an element of order 5, while p2 has the 
value 1 on such an element, by Theorem 2.3. This violates Theorem 2.l(iii). 
Step 1 I. The degree equation for B,(7) is: 
1 + 15 + 120 + 512 = 216 + 27 + 405. 
Step 10, Theorem 2.4, and block separation force B,(7) to contain a 
character of degree 27. By computer all possible degree equations were 
found. The one above was the only one not violating Step 9 and for which 
the graph of Theorem 2.3 exists. 
Step 12. The characters of degree 27 and 512 belong to a 5-block whose 
degree equation is: 
27+512+7=168+378. 
Block separation for the primes 5 and 7 force the two characters to belong 
to the same 5-block. The above equation is the only one for which the graph 
of Theorem 2.3 exists. 
This completes the proof of Theorem 3.5. 
We now investigate another class of involutions. 
Let R E F12 and set /3 = 2v,-, , so p has type 3 and cR fixes fi. Set 
D = %,&J. 
THEOREM 3.8. D = (~~1 x McR1 . 
Proof. Clearly D r~ N = (E& x iWcR) , so it suffices to show D C N. 
D acts on (I+ n A,(p) = {4(0, - uj) : i, j $ R, i # j>. Call this set S, . 
Then D also acts on: 
S, = {X E A2-(cR) : there exists x1 , x2 , xs E S, with + (x1 + x2 + X, + x) E A} 
s, = {x E A,-(rR) : x $ S,}. 
Clearly, we have 
S,={4(vi--vj):i,j~R,i#j) 
S, = {* 4(vi + vj) : i,je R, i #j). 
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Since MtRl acts isomorphically to Ml, on R (see (19)), D n N is transitive 
on S, , so we may modify any g E D by an element of D n IV so that g fixes 
some x = v, - v1 E S, . Then g also acts on {y E S, : (x, y) = 0}, namely 
{k4(vi + q) : i, j E R - {k, l}, i #j} together with the two vectors 
f4(v, + v,); and the subgroup of D n iV fixing .X has these two orbits. If 
TABLE 3 





























Order of Order of 
Centralizer Element 
- 
29 * 34 * 5 . I I 
29 . 3” . 5 
29 . 3 
24 33 . 5 
29 . 32 
2’ . 3 
24 * 32 
26 . 3 
24 . 3 
2” . 33 
2” . 3 
2j 
2.3.5 
24 . 32 
27 * 3 
22 . 32 
23 . 3 
2.5 
27 
22 * 3” 
22 . 3 





(XXXVIII, XLIX) 23 1 34 
(XL, L) 23 . 3” 
(XLI, LI) 32 































(II, III) x (IV, VI) 
square = (111,V) 
(III, V) x (IV, VI) 
square = (III, V) 
square = (111,V) 
(V, XIII) x (IV, VI) 
square = (V, XIII) 
(II, III) x (X, XVII) 
(VII, XI) x (VI, IX) 
(II, III) x (XII, XX) 
square = (V, XIII) 
(V, XIII) x (X, XVII) 
(V, VIII) x (X, XVII) 
(XI, XXIII) x (IX, XVI) 
square = (XV, XXI) 
(IV, VI) x (XII, XX) 
square = (XXI, XXXVI) 
(V, XIII) x (XXXVIII, XLIX) 
cube = (XXXVIII, XLIX) 
(XV, XXI) x (XL, L) 
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these orbits should fuse in D, , we get an orbit of size 2 + 2 * (‘,“) = 92, so 
23 ) 1 D / . But an element of order 23 cannot act rationally (and faithfully) on 
A-(<,), which has dimension 12. Hence g preserves these two orbits, so 
g : 4(v, + q) ---f &- 4(v, + or). Modifying g again by an element of D n N, 
we may assume g fixes 4(u, + zlr). But then g fixes ZIP , so g E N, by Proposi- 
tion 1.1. This proves Theorem 3.8. 
Since .O acts transitively on vectors of type 3, G, contains a conjugate of 
cR . Further, by Corollary 3.4, we may take this conjugate to lie in C,, . Call 
this element t, and set I-I, = CGO(t,,). Thus we have: 
COROLLARY 3.9. C,, contains an element t, with C,o(t,,) = Z, x MI,. 
Tables 3 and 4 give conjugacy classes for the groups Sp(6,2) and MI2 . We 
write Sp(6, 2) as the group of 6 x 6 matrices over GF(2) leaving invariant the 
form xlyG + ... + xsyl . The following result follows directly from Table 3. 
TABLE 4 
Conjugacy Classes of MI, (from (10)) 
Class Order of Centralizer 
~- 
(I)‘” 26.33.5.11 
w 26 . 3 
(4P 25 






(W 24 * 3 .5 
(1W2) 2-5 
(4)w 25 
(3Y 22 . 32 
(6)’ 22 . 3 
(Q(4) 23 
The symbol for the class gives the permutation 
structure for an element of the class. 
PROPOSITION 3.10. T = Sp(6, 2) has the ,following representatives for its 
conjugacy classes of involutions: 
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(Entries omittedfrom matrices are taken to be 0.) 
Element Order of Centralizer Class in S 

















j C&J = 29 - 32 (V, XIII) 
1 
! 
1 CT((Y3)/ = 29 * 3 
1 
(III, V) 
/ C,(a4),) = 27 . 3 (V, VIII) 
Further, ol, is not a square in T, 01~ is a 4-th power in T, and 01~ is a square but not 
a 4-th power in T. 
We call an involution of C,, of type i if its image in Sp(6,2) is conjugate 
to oli . 
THEOREM 3.11. so is conjugate (in G,,) to an element of C,, of type 1, 2, 3, 
or 4. 
Proof., Since G,, is simple, this is an immediate consequence of Glauber- 
man’s Z*-theorem (11). 
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THEOREM 3.12. Let pi E C, have image 01~ in Sp(6, 2). Then: 
(i) to has type 4, t, -co sot, , ) C(s, , to)/ = 2? . 3, and so is of class (3)3 
in M,, . 
(ii) If x E H,, , x wG 0 s,, , then x -,, 0 s,, . 
(iii) sa = ,zo4 for some zO E Co n H,, . 
(iv) /3rz = PA2 = so; j3a2 = /?iz = 1. 
(4 So -Go 82 and p2 -co sop2 - 
Proof. 
(i) By Theorem 3.9, / S,(C(s, , to))1 < 27. Proposition 3.10 forces to 
to have type 4, and taking to = /14, shows C(s, , rB,)/(s,) # C((Y& Hence 
to -co 0 0 s t and 1 C(s, , to)\ = 27 . 3. In particular, so E Z(Sz(Ho)), so either 
so or sot0 belongs to Mr, , with class (3)3. Since sot0 - to , and to is not a 
square, we have so of class (3)3 in Mr, . 
then @), gt x” = so. Then t;;“, to E Co , so (tou), = to for some v E Co . But 
o , and xUv = s,, . 
(iii) This is immediate from the last assertion of (i) and Table 4. 
(iv) We have 01a, and hence /12, is a 4-th power. Since Co C ES, 
which has no elements of order 16, we get /3a2 = 1. Let so be as in (iii), and 
w. = zo2. Then w. must be of type 1 or 3, but oil is not a square, so w. has 
type 3, and &s = sa . Next, we may assume /33 = /?rp, . Since 01~ is a square 
in C(oli) (by direct calculation), we have p2 E C(&). Hence 
completing (iv). 
(v) Theorem 3.11 and parts (i) and (iv) of this Theorem prove the 
first assertion (replacing p2 by sop2 if necessary). Further, a2 is a square in 
C(cy,), so & E HO (taking to = /J). By (i) and (ii), s, and 8s are commuting 
involutions of type (3)3 in M,, , and the condition /3z -c0 sop2 can be verified 
in Ch4Jso). 
COROLLARY 3.13. Go has exactly 2 conjugacy classes of involutions, with 
representatives so and to , and has exactly 2 conjugacy classes of cyclic groups of 
ovder 4, with representatives <a) and <&). 
PROPOSITION 3.14. pi wcO so& and /13 wcO so/T3 . 
Proof. If false, then for @ = 8, or p3 , C(p) 1 S2(Go), and so some con- 
jugate of fl is in HO. But all elements of order 4 in Ho are conjugate to their 
inverses, as desired. 
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COROLLARY 3.15. j Z(S,(G,))/ = 2. 
We need one more result relating C, and H, . Fix an isomorphism 
(b : h, x MI, --f H,, , with Z, = (u,), so $(~a) = t, , and let ~a = +-r(sa). 
By Theorem 3.12(i), ~a E MI, , of class (3)3. Wong (21) has given the structure 
of K, = C,J~,,), which has four conjugacy classes of involutions, repre- 
sented by elements ?T,, pa, E,, , and ~a . From Wong we get: 
PROPOSITION 3.16. pO and E,, are conjugate in Ml, to n,, . 
COROLLARY 3.17. There is an isomorphism #J : Z, x K, -+ C(s, , to) (the 
restriction of the isomorphism above), with $(u,,) = t, , $(n,,) = s,, , and $(/.A,,) 
and $(q,) both conjugate in C, to & . 
4. CHARACTERIZATION OF G,,: LOCAL STRUCTURE 
The remainder of the thesis is devoted to proving the following: 
MAIN THEOREM. Let G be a jkite group with the following properties: 
(i) G has an involution s with CG(s) g C,, 
(ii) G # CG(s) . O(G). 
Then G z G,, . In particular, G, is the only simple group satisfring (i). 
We let G be a group satisfying the hypotheses (i) and (ii) and fix an isomor- 
phism 6’ : C, + Cc(s), We set t = O(to), /i = e(p,), C = Cc(s), and 
II = C,(t). 
PROPOSITION 4.1. CZ S,(G). 
Proof. Let S = S,(C), and suppose the result false. Then there exists 
S, C G, with S,,z S, and (S, : S) = 2. By Corollary 3.15, we have 
(s) = Z(S) Q S, , forcing s E Z(S,,), a contradiction. 
PROPOSITION 4.2. s 7LH st. 
* Proof. Suppose false, so s = st, for some u E H. By Theorem 3.12, we 
have (st)” = t, for some v E C. Then uv interchanges s and t, and so induces 
an automorphism of C(s, t). But C(s, t) g C(s,, , to), in which s, is a square 
and t, is not. Thus the assertion is true. 
COROLLARY 4.3. c(S, t)2 s,(H). 
@I/24/1-12 
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Proof. Let S = S,(C(s, t)), and suppose false. Then there exists S, _C H, 
with S, 2 S, (S, : S) = 2. Hence (s, t) = Z(S) u S, . Proposition 4.2 
forces s E 2(&J, a contradiction. 
COROLLARY 4.4. SW G d2 , and G has exactly two conjugacy classes of 
involutions, with representatives s and t. 
PYOOJ By Theorem 3.12, C has three classes of involutions, represented 
by s, t, and 8, . Proposition 4.1 and condition (ii) of the Main Theorem allow 
us to apply Glauberman’s Z*-theorem, forcing s - C, or s N t. However, 
s + t by Corollary 4.3. The assertion follows. 
PROPOSITION 4.5. Let x E H, x mG s. Then x wH s. 
Proof. Identical to proof of Theorem 3.12(ii). 
Let w = 4 0 B : H, X K, -+ C(s, t) 2 C (see Corollary 3.17). 
PROPOSITION 4.6. w(& and I are conjugate in H to s. 
Proof. By Corollaries 3.17 and 4.4 and Proposition 4.5. 
We use the following theorem due to Wong (21): 
THEOREM 4.7. Let L be a jinite group with an involution r, such that there 
is an isomorphism @ : K,, --f CL(r). Suppose L has at most two conjugacy classes 
of involutions and @(tag) wL Z-. Then L = Ml, . 
By Propositions 4.2 and 4.6, we can apply Theorem 4.7 directly to the 
group H/(t), with s/(t) in the role of 7~. Thus we have: 
COROLLARY 4.8. H/(t) = Ml, . 
COROLLARY 4.9. H = H, x AI,,. 
PYOO~~ The theory of central extensions (see (13)) tells us we need only 
show that the extension splits 2-locally. But C(s, t) = <t) x w(KJ is split, 
and this contains an S,(H). 
PROPOSITION 4.10. Let Y = W(T& so Y and s represent the images in H of 
the two conjugacy classes of involutions in Ml, . Then Y wC rt wC t. 
Proof. If false, we would have I or rt wC s, and so Y or rt mH s, by 
Proposition 4.5. This would be a contradiction. 
We can now determine 1 G j . 
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LEMMA 4.11 (Thompson). Let L be aJinite group with exactly 2 conjugacy 
classes of involutions, represented by p1 and pz . Let cl = IC,(pi)I and ai = the 
number of pairs (x, y) with x wL p1 , y mL pz , and (xy)” = pi for some n. Then 
j L ! = czal + cla2 . 
Proof. We count the number of pairs (x, y) with x N p1 , y - pz . On 
one hand, this is clearly j L ]/cl . j L i/ca . On the other hand, since x + y, 
xy has even order, and so (xy)” is an involution for some unique n. Hence 
(xy)” N p1 or pz . Thus we have the equation: 
ILI ILl IL1 lLI ----=-----aa,+--a 
Cl CL! Cl cz 
2s 
which proves the Lemma. 
COROLLARY 4.12. IGI =/G,/ =210~37.53.7.11.23. 
Proof. It clearly suffices to show that the parameters ci and a, of Lemma 
4.11 are the same for the two groups. For ci , this is obvious. For ai , we 
observe that if (xy)” = pi (x, y as in the Lemma), then X, y E C(pi). Thus the 
parameters ai can be computed solely from knowledge of C(pJ and the con- 
jugacy classes in L of involutions in C(pi). This information is contained 
in the results obtained already, so the Corollary follows. 
LEMMA 4.13. C is a maximal subgroup of G. 
Proof. Suppose L properly contains C. If we can show O(L) = (l), we 
will have L # C,(s) . O(L), with C,(s) z Co . Thus L satisfies the hypotheses 
of the Main Theorem, and the Lemma follows from Corollary 4.12. So 
suppose O(L) # (1). Then L contains a normal p-subgroup L, , and C acts 
on L, . Since O(C) = (I), we have C n L, = (l), so 1 L, 1 divides 33, 52, 11, 
or 23. Clearly neither C nor C/(s) can act faithfully on L, , so s E C C C(L,), 
forcing L, C C(s) = C, a contradiction. 
COROLLARY 4.14. G is simple. 
Proof. Let L Q G, L # (1). Then L n C = (l), (s), or C. If 
L n C = (l), s acts fixed-point-free on L, and hence so do its conjugates e2 
and se2 . Such an action by the four-group (s, t2) is impossible. The case 
L n C = (s) is likewise impossible, since s EL forces 8, EL, a contradiction. 
Thus we have C CL. But C + G, so this inclusion is proper. The Corollary 
now follows from Lemma 4.13. 
We continue now to obtain further local structure of G. 
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PROPOSITION 4.15. Any 4-group in G is conjugate to one of the groups: 
<s, /2>, (s, 0, (4 r>. 
Proof. Let T be a 4-group in G. We may assume s or t E T. Ifs E T, then 
T contains a second involution which, by Theorem 3.12, is conjugate in C to 
either /a or t, giving the first two groups of the Proposition. If t E T, then II 
contains an involution from Mr, , which we may take to be non-conjugate 
to s. Proposition 4.10 shows we may take this to be Y, giving the third group. 
PROPOSITION 4.16. 
1 C(s, f2)[ = 29 . 32; / C(s, t)1 = 27 . 3; / C(t, Y)l = 25 . 3 . 5. 
Proof. The first two cases follow from Theorems 3.10 and 3.12(i) and (v); 
the third case follows from Table 4. 
PROPOSITION 4.17. Any cyclic group of order 4 in G is conjugate to (El> 
or <f3’3>. 
Proof. This follows from Corollary 3.13, using Corollary 4.4 and Theo- 
rem 4.9. 
PROPOSITION 4.18. j C(t& = 2s . 32 . 5; ( C(t,)i = 2s . 3. 
Proof. From Propositions 3.10 and 3.14. 
COROLLARY 4.19. Let L C G, I L 1 divisible by 33 or 7. Then C(L) is solvable. 
Proof. Any non-solvable group has order divisible by 4, so the Corollary 
follows from Propositions 4.15-4.18. 
Let x be an element of order 5 in C(t, r) and y an element of order 5 in 
C(4). 
PROPOSITION 4.20. 
(i) Co(x) s Z, x Alt, . 
6;) <!I? = s2(cG(Y))s 
Proof. 
(i) Let L = C(X). Then C,(t) = C,(x) = (x, t, r). Since t or, we 
also have C,(Y) = (x, t, r). Thus in L/(x), the centralizer of every involution 
is a 4-group. Since 5 1 /L/(x)1 , it follows from Theorem 9.3.2 of (12) (due 
to Suzuki) that L/(x) E Alt, . Since the Schur multiplier of Alt, is not 
divisible by 5, the extension must split. 
(ii) By (i), we may assume s E Z(S,(C(y))), so S,(C(y)) = S,(C(s, y)) = 
</,), from Table 3. 
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PROPOSITION 4.21. N((x)) g F x Alt, , F a Frobenius group of order 20. 
Proof. Since NH((x)) = F x (t, r), the order of N((x)) is as asserted, 
and the Sylow 2-subgroup of N((x)) is abelian. Hence Sym, is not involved 
in N((x)), so 
N(W)/C,(<d%) ES Ah 3 and N(W) = ~,wWJ x Ah. 
The Proposition is now clear. 
PROPOSITION 4.22. 
(i) 1 C(y)\ = 22 . 3 . Y, ( N((y))l = 2* . 3 . 53. 
6) &(C(Y)) 4 N(<Y)). 
(iii) S,(G) is non-abelian of exponent 5, and G has exactly two conjugacy 
classes of elements of order 5, represented by x and y. 
(iv) S,,,(C(y)) = (a, b : a* = b3 = 1, ba = b-l). 
Proof. Write F = (x, e), with e4 = 1, Xt = x2. Since 5 1 ( C(d)1 , we have 
8 N t1 , so replacing y by a conjugate allows us to take y E Ah, . Set s1 = d2, 
so si N s. By Proposition 4.2O(ii), C(y) h as a normal 2-complement L. Since 
C(y, L) = (y, d), 8 acts fixed-point-free on Sylow 3-, 7-, ll-, and 23-sub- 
groups of L, and so s, centralizes these. But 1 C(s, , y)] = 60, so 1 L 1 = 3 * 5”, 
n = 2 or 3, and we have (ii) and (iv). If n = 2, L is abelian, contradicting 
C(x, y) = (x, y}. Thus n = 3, and we have (i), since (N((y)) : C(y)) = 4 
from Table 3. Further, in C(x), we have / N((y))l = 2 . 5‘$ or put another 
way, 1 CN(&x)I = 2 * 52. But then we see that x has 120 conjugates in 
N((y)), all contained in S,(N((y))). Hence every element in S,(G) is con- 
jugate to either x or y, proving (iii). 
THEOREM 4.23 (P. Hall). If L is solvable, the number of S,-groups of L is a 
product n 4;” , qi primes, qp = 1 (mod p). 
(A proof can be found in (13).) 
PROPOSITION 4.24. N(S,,(G)) is a Frobenius group of order 11.23. 
Proof. Let L = N(S,,(G)). Using Propositions 4.20 and 4.22, we have 
1 L 1 = 2a * 3b .7O . lid .23, with a = 0 or 1, and a and d not both 0 by 
Burnside’s normal p-complement theorem. Sylow’s theorem gives 3 possi- 
bilities: 
(i) 11 * 23 
(ii) 2.34.11 .23 
(iii) 2 . 32 . 7 . 23. 
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In case (ii), let L, = S,(L); in case (iii), let L, = S,(L). Then 
23 1 1 C(L,)J and C(L,) is solvable by Corollary 4.19. Theorem 4.23 forces 
s2,(c(L,N u WI) 4 WI), so N(L,) CL. In case (ii) we get 35 1 j N(L,)I; 
in case (iii) we get 4 ( 1 N(L,)/ from Table 3. Either of these yields a contra- 
diction, so we have case (i), and L must be Frobenius by Burnside’s theorem. 
PROPOSITION 4.25. N(S,,(G)) is a direct product of Z, and a Frobenius 
group of order 5 . 11. 
Proof. We may assume S,,(G) C H. NH(Srl) has the structure described, 
so I C(S,,)j = 2 .3” . 7b . 11, I N(S,,)I = 2 . 3” . 5 . 7b . 11. Sylow’s theo- 
rem forces b = 0, a = 0 or 5. Suppose a = 5, and let L, = S,(N(S,,)). 
L, n H = (1) and L, Q N(S,,), so t acts fixed-point-free on L, , and we 
get L, abelian, C(L,) solvable. By Theorem 4.23, C(L,) has 1 or 35 &r’s, but 
35 1 I cc(Llh%I)19 so we must have S,, 4 C(L,) 4 N(LJ, and N(L,) C N(S,,). 
Since 36 1 ) N(L,)i , this gives a contradiction. Thus we have a = 0, proving 
the Proposition. 
PROPOSITION 4.26. N(S,(G)) is a direct product of Sym, and a Frobenius 
group of order 42 with kernel S,(G). 
Proof. We may take S,(G) C C. Nc(S,) is a direct product of (s) and a 
Frobenius group of order 42 with kernel S,(G). Hence / No( = 22 .3” . 7, 
and Sylow’s theorem forces a = 2. Since there are no elements of order 
42 in C, we must have S,,,(C(S,)) s Sym, . Since Aut(Sym,) g Sym, , 
we have N(S,) = Sym, x CN(.q(Sym,), and CN(.q(Sym,) must be the 
Frobenius group in N(S,), proving the Proposition. 
PROPOSITION 4.27. -4ny involution in N(S,(G)) - C(S,(G)) is conjugate 
to t. 
Proof. The assertion holds in C, which contains an S,(N(S,(G))). 
We conclude this chapter with a result of interest independent of the Main 
Theorem. 
THEOREM 4.28. G has no outer automorphisms. 
Proof. Let p be an automorphism of G. Adjusting by an inner automor- 
phism, we may assume p fixes s, and so acts on C. But Sp(6, 2) has no outer 
automorphisms (see (17)), so we can adjust p again so that p is trivial on 
C/(s). Hence p fixes all elements of odd order in C, and these generate C, 
so p is trivial on C. Next observe that p acts on S,(C(S,(C))) e Sym, . 
Adjusting p if necessary by the inner automorphism induced by s, we may 
assume p is trivial on Sym, . But Sym, g C, so we have C,(p) properly 
contains C. The Theorem now follows from Lemma 4.13. 
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5. THE CHARACTER TABLE OF G 
In this chapter we obtain the character table of G. Extensive use is made 
of the results in Chapter 2 on characters and blocks. Since the details are 
long but elementary, only the basic outline of the procedure will be given. 
A crucial role is played by the p-block theory of Theorem 2.3 for p = 23, 11, 
and 7, and realness equations for p-singular elements for the same primes. 
In searching for degree equations, the concept of block separation (using 
Theorems 2.l(iii) and 2.4 to distinguish among blocks) is automatically 
incorporated, as is the graph of Theorem 2.3(iv) and (v). Also, in searching 
for values of characters at s and t, the conditions of Theorem 2.1(i) and (ii) 
are incorporated. 
By Theorem 2.3, we have the following p-blocks of defect 1: 
p =23: 
p = 11: 
p = 7: 
Bi(23) is the only block of defect 1; it has 11 non-exceptional 
characters, and a family of 2 exceptional characters. 
There are 2 blocks of defect 1, &(I 1) and B-,(1 I), corresponding 
to the principal and non-principal characters of Ha , respectively. 
Each has 5 non-exceptional characters and a family of 2 excep- 
tional characters. 
There are 3 blocks of defect 1, B,(7), B-,(7), and B,(7), corre- 
sponding to the principal character, the non-principal linear charac- 
ter, and the character of degree 2 of Sym, , respectively. Each has 
7 characters, one of which is considered exceptional. 
(These assertions make use of Propositions 4.24, 4.25, and 4.26.) 
We also have the principal p-blocks B,(p) for p = 2, 3, and 5. 
COROLLARY 5.1. The degree d of any character of G satisfies the following 
conditions: 
(i) d 1 I G I , d2 < I G I 
(ii) d-0,+1,&11 (mod23) 
(iii) d=O, + 1, 15 (modll) 
(iv) d = 0, & 1, 5 2 (mod 7) 
We begin with the block B,(ll), using the notation of Theorem 2.3, with 
p1 = 1. Since an element of order 11 is non-real (Proposition 4.25), we have 
block-realness equations: (Theorem 2.8) 
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We consider the quadratic form on / P defined by the coefficients {S,/P~(~)>, 
in which the vectors (p,(l) ,..., ~~(1)) (pi(s) ,..., p&s)), and (pi(t) ,..., p6(t)) span a 
rational, isotropic subspace. Since p i = 1 ’ , thts space is at least 2-dimensional, 
and if it is not 3-dimensional, we get an additional relation to exploit. There 
are necessary and sufficient conditions ((15), Theorem 14) for the existence 
of a 2- or 3-dimensional rational isotropic subspace in terms of the coefficients. 
By computer, all possible degree equations for B,(l 1) were found, and for 
these, all possible solutions for the vector (pi(t),..., p6(t)) were found. Those 
equations for which the quadratic form had only a 2-dimensional rational 
isotropic space were eliminated (by hand) by showing that no solution for 
(pi(s),..., p&s)) existed in the two-dimensional space. There was a degree 
equation (with a 3-dimensional space) for which the values at t for characters 
of degrees 27600 and 73600 forced these characters to lie in distinct 5-blocks 
of defect 1, violating block separation for the primes 5 and 11. There remained 
only one possible degree equation, in which there was a 3-dimensional space 
and a unique solution for the values of the characters at t and $. We give 
this information in the table below, and will extend this table as more charac- 
ters are found. (We attach small letters a, b, c to distinguish characters of the 
same degree. In the text, we refer to characters by their degree.) 
Degree value on t value on s 
1 1 1 
896a 16 0 
896b 16 0 
23000 120 280 
26082 -54 -126 
91125 45 405 

























The characters 896a and 896b form the exceptional family for B,(l 1). Since 
36/( 91125 and 93312, these characters belong to 3-blocks of defect 1. By 
block separation, they belong to the same 3-block, which we call B*(3). By 
Theorem 2.4, B*(3) contains a third character, as follows: 
184437 -99 450 defect 0 defect 0 B -1 
Also, the characters 896a, 896b, and 93312 vanish on s, so do not belong to 
B,(2). We let B*(2) denote the block (or possibly union of blocks) containing 
these characters. 
Using the above information, all possible degree equations for B,(7) and 
B,(7) were found by computer. We get the following results: 
A CHARACTERIZATION OF CONWAY’S GROUP .3 183 
(i) B,(7) contains a character with one of these degrees: 3520, 3564, 
12375; and a second character with one of these degrees: 3520, 4564, 12375, 
6336, 22000 (the last two cases must represent, in fact, two exceptional 
characters). 
(ii) B,(7) contains a character with one of these degrees: 275, 4025, 
12672, 44000,44550, 172800. 
This additional information made possible a computer search for degree 
equations for Br(23). These were tested (by computer) for solutions at s and t, 
using block-realness equations resulting from the non-realness of elements of 
order 23 (Proposition 4.24). There was a unique solution, with the following 
new characters: 
275 11 35 
3520a 0 -64 
3520b 0 -64 
5544 0 168 
9625a -55 105 
9625b -55 105 
246400 176 0 

























The characters 9625a and 962513 form the exceptional family for B,(23). The 
graph forces the characters 3520a and 3520b to be complex-conjugate. Also 
246400 $ B,(2), and we extend B*(2) to include it. 
We return to B,(7). Proposition 4.27 gives a block-realness equation for 
values at s. This yields a unique degree equation with solution at s. The values 
at t are also unique. We get the following new characters: 
253a -11 29 defect 0 defect 0 Bl 
31625a -55 265 defect 0 defect 0 Bl 
129536a 0 512 defect 0 defect 0 4 
Since 2Q11 29536, Theorem 2.4 gives us that 129536a belongs to a 2-block 
B**(2) of defect 1, which must contain a second character as follows: 
129536b 0 -512 defect 0 defect 0 B -1 
To complete B,(7), we prove the following: 
LEMMA 5.2. If u has order 7 and v is 2-singular, then 
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COROLLARY 5.3. 
c p(u) p(l) = 0 (mod 29 
eB,V)nB,W 
(By Theorem 2.5.) 
Proof of Lemma. If v has order 14, the equation holds by by Theorem 2.3, 
since p(v) = 0 for p E B,(7). Hence we can assume v is 7-regular, so we 
have Call, p(uJ p(a) = 0 for any 7-singular element ur . The Lemma now 
follows from Theorem 2.5. 
The additional equation from Corollary 5.3 yields a unique degree equation 
for B,(7), with unique values at s and t, with new characters as follows: 
23 -1 7 defect 0 B-, 4 
63250 -110 210 defect 0 defect 0 4 
73600 144 0 defect 0 B-1 & 
80960 0 -448 defect 0 defect 0 4 
We decompose the square of the character psa of degree 23 into irreducible 
constituents. Since paa = p2s , (pss)* contains the principal character, and 
therefore contains a second character from B,(23), which must be 275. The 
only way the remaining 253 might reduce is 23 + 230, but values on s would 
force the character of degree 230 to belong to B,(7), which is impossible. 
We thus get a character of degree 253 as follows: 
253b -11 13 defect 0 defect 0 B-r 
We next complete B-,(7). Using Propositions 4.26 and 4.27, we get a 
realness equation for values at t, and a block-realness equation for values at s. 
We find a unique solution, with new characters as follows: 
2024 0 104 
3 16251, -55 -55 
31625~ -55 505 
253000 0 -440 
defect 0 defect 0 B-, 
defect 0 defect 0 B-1 
defect 0 defect 0 B-1 
defect 0 defect 0 B-1 
There are two blocks of defect 1 remaining to complete. One is B-,( 11) 
which so far has characters 23 and 73600. The other is a 5-block B*(5), con- 
taining 275, 73600, and 246400. (These are in the same 5-block by block 
separation.) There were two possible degree equations for B*(5), each leading 
to a degree equation for B-,( 1 I), but only one of these had solutions for s and t. 
Thus we get the following new characters: 
A CHARACTERIZATION OF CONWAY’S GROUP .3 185 
4025 1 105 defect 0 B-i defect 0 
177100 44 140 defect 0 defect 0 defect 0 
20608a -16 0 defect 0 B-i defect 0 
20608b -16 0 defect 0 B-1 defect 0 
40250 10 -70 defect 0 Be, defect 0 
57960 120 168 defect 0 B-1 defect 0 
The characters 20608a and 20608b form the exceptional family of B,(l 1). 
All remaining characters have degrees divisible by 7 . 11 . 23. Decomposi- 
tion of the product 23 . 253b gives a character of degree 1771: 
1771 11 -21 defect 0 defect 0 defect 0 
Finally, orthogonality relations involving 1, s, t, and the classes with 5-part 
equal to X, plus a realness equation for xt, gives enough information to 
deduce the existence of the following new characters: 
7084 44 -84 defect 0 defect 0 defect 0 
31878 -66 294 defect 0 defect 0 defect 0 
226688 -176 0 defect 0 defect 0 defect 0 
8855 55 231 defect 0 defect 0 defect 0 
221375 55 735 defect 0 defect 0 defect 0 
255024 0 -336 defect 0 defect 0 defect 0 
Since the sum of the squares of the degrees of the characters thus far equals 
1 G 1 , this completes the list. There are 42 characters, with 34 rational 
characters and 4 pairs of complex-conjugates. 
In order to complete the character table of G, we need a description of the 
conjugacy classes of the group. We use the notation (n, i) to denote a class of 
elements of order n (as well as to denote an element of the class), with i 
indexing the classes of elements of a given order. 
Propositions 4.24, 4.25, and 4.26 give us the p-singular classes for p = 23, 
11, and 7. They are as follows: 
Class Order of Centralizer 
(23, 1) 13 
(23, 2) 23 
(11, 1) 2.11 
(11, 2) 2.11 
(22, 1) 2.11 
(22, 2) 2.11 
(7, 1) 2.3.7 
(14, 1) 2.7 
(21, 1) 3.7 
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Let (5, 1) =y. By Proposition 4.22(iv), we have the following classes with 
5-part equal to (5, 1): 
(5, 1) 24 . 3 53 
(10, 1) 2.3.5 
(20, 1) 22 5 
(20, 1) 22 . 5 
(15, 1) 2.3.5 
(30, 1) 2.3.5 
The classes (23, i), (11, z), (22, i), and (20, z) (i = 1, 2) are non-real pairs, 
so all remaining classes are rational. 
Let (5,2) = x. By Proposition 4.20(i), we have the following classes with 
5-part equal to (5,2): 
(5, 1) 22 . 3 . 52 
(10, 2) 22 . 5 
(15, 2) 3.5 
All remaining classes are (2, 3}-elements. In describing these, we make 
repeated use of Tables 3 and 4. 
Let (3, 1) be an element of order 3 in C((7, I)), and let L = C((3, 1)). By 
Proposition 4.27, L contains a conjugate of t. If L contains a conjugate of s, 
then (3, 1) has image of class (X, XVII) in Sp(6,2) and class (3)3 in M,, . If 
not, then (3, 1) has class (3)4 in M,, . In either case, / S,(L)/ = 8. Thus 
ILI=23*30.5b.7,b=Oor1.Supposeb=1.1f (5,I)~L,Proposition 
4.22 shows L contains elements of order 30, and (3, 1) must have image of 
class (IV, VI) in Sp(6,2), impossible. If (5,2) EL, we use Propositions 4.21 
and 4.26 to get 1 N,(S,(L))I = 60, 1 iV,(S,(L))I = 126. No value of a allows 
us to satisfy Sylow’s theorem for L for both p = 5 and 7. Thus b = 0, and 
Sylow’s theorem for p = 7 gives a = 4. We thus have the following class: 
(3, 1) 23 . 34 * 7 
Let (3, 2) be an element of order 3 in C((5, I)), and set L = C((3,2)). 
Then (3,2) has image of class (IV, VI) in Sp(6,2) (with respect to the conjugate 
of s in C((5, 1)) n C((3, ‘2))), and 1 S,(L)/ = 25. Also, by Proposition 4.22, 
/NJ&(L)1 =23.3.5, so IL] =25.3a-5, with a=3 or 7 by Sylow’s 
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theorem for p = 5. An element, u, with image of class (XXXVIII, XLIX) in 
Sp(6,2) commutes with an element of order 4, so is conjugate to an element 
of order 3 in C(Q or C(ea). These have images of class (X, XVIII) or (IV, VI) 
in Sp(6,2). Suppose u 6 (3,2). Then the conjugate of C for which u has image 
of class (XXXVIII, XLIX) must contain an S,(C(u)), since the only element 
of order 3 with centralizer divisible by 25 is that with image of class (IV, VI). 
This would imply that C(U) contains no conjugate of t (because 
c((xxxv111, XLIX)) contains no conjugate of (V, VIII)), so u cannot be 
conjugate to an element with image (X, XVII). Thus u is conjugate to an 
element with image (X, XVII). Thus u is conjugate to an element with 
image (IV, VI), i.e., u E (3, 2). We conclude that 34 1 / C(3, 2))1 , so a = 7, 
giving the following class: 
(3, 2) 25 . 37 * 5 
Let (3,3) be an element of order 3 in C((5,2)). By Proposition 4.21, C((3,3)) 
contains a conjugate of/r, so (3,3) h as an image of class (IV, VI) or (X, XVII) 
in Sp(6,2). The first possibility is ruled out since (3,3) # (3,2) (fromProposi- 
sition 4.21). Thus (3, 3) h as image of class (X, XVII) in Sp(6, 2), 
1 S,(C(3, 3))1 = 8, and use of Sylow’s theorem for p = 5 gives the following 
class: 
(3, 3) 23 - 36 . 5 
Also (3, 1) # (3,3), so (3, 1) has class (3)4 in M,, . Further, C((3,3)) contains 
a conjugate of t, so (3, 3) has class (3)3 in Mi, . 
Let (9, 1) be an element of order 9 in C. We have the class: 
(99 1) 2 . 3” (n tod be determine). 
This exhausts the 3-elements centralized by involutions. 
We now turn to 2-singular (2, 3}-elements. The involutions are: 
(2, 1) = s 210 . 34 . 5 . 7 
(2, 2) = t 27’33.5.11 
We need only consider elements whose cyclic group contains s or t. By Table 
4, we have the following elements with 2-part = t: 
(6, 1) (3-part of class (3)4) 23 * 32 
(6, 2) (3-part of class (3)3) 22 . 33. 
For elements whose cyclic group contains s, we look at elements of C whose 

































































































































































































































































(22, 1) (2-T a 
I 1 



















-- WI1 - 611 
































































A CHARACTERIZATION OF CONWAY’S GROUP .3 189 
(Note: i3, = (- 1 + 2/3)/Z) 
c21,1) (5,l) (lO,l) (15,l) (20, 1) (20,2) (30, 1) (592) (10,2) (15,2) (3,l) 
1 1 1 1 
-1 12 0 0 
-1 0 0 0 
0 -4 0 2 
0 -4 0 2 
-1 -5 1 1 
-1 -5 1 1 
0 0 0 0 
0 -6 -2 0 
-1 0 0 0 
0 5 1 -1 
0 0 0 0 
0 0 0 0 
1 0 0 0 
0 I -1 1 
-1 0 0 0 
--I -2 2 1 
0 0 0 0 
0 10 -2 1 
0 0 0 0 
0 8 0 2 
0 8 0 2 
1 3 -1 0 
-1 0 0 0 
1 -14 2 1 
1 12 0 0 
1 -14 -2 1 
1 3 3 0 
1 -1 -1 -1 
-1 0 0 0 
-1 0 0 0 
-1 0 0 0 
1 0 0 0 
1 10 2 1 
0 0 0 0 
0 -4 4 -1 
0 -12 0 0 
0 3 -1 0 
0 9 1 0 
0 -1 -1 -1 
0 0 0 0 
































































































































































































































































































(3,2) (3, 3) (6, 1) (6,2) (6, 3) (6,4) (6, 5) (12, 1)(12,2)(12,3) (24, 1) 
-__ 
I 1 I 1 1 1 I I 1 I I 
0 0 3 0 0 0 0 0 0 0 0 
0 0 3 0 0 0 0 0 0 0 0 
32 m-4 1 m-2 0 0 0 0 0 0 0 
32 -4 l-2 0 0 0 0 0 0 0 
--44 IO 0 0 -4 8 2 0 0 0 0 
-44 10 0 0 --4 8 2 0 0 0 0 
160 -56 ---I m-4 0 0 0 0 0 0 0 
-45 36 0 0 3 -3 0 ~2 I m-1 -I 
5 14 -1 2 5 -1 2 0 3 I I 
-81 0 0 0 -9 9 0 0 ~3 -I -I 
40 --5 --I -I 0 6 3 -I 2 0 0 
40 -5 I -I 0 6 3 -- I 2 0 0 
50 5 0 3 10 10 I I -2 2 0 
81 0 0 0 9 9 0 0 --3 I -1 
160 16 -3 0 0 0 0 0 0 0 0 
-4 5 -1 --I 4 p-2 I I -2 0 --2 
-25 29 I I 15 -3 p-3 1 1 --1 m-1 
126 45 0 3 6 6 ~3 -1 2 -2 0 
-115 -25 -2 I 5 -7 -I I I I I 
-128 -20 -I 2 0 0 0 0 0 0 0 
-128 -20 -1 2 0 0 0 0 0 0 0 
IO 10 1 --2 2 2 2 -2 -2 2 0 
35 35 -1 -Al --5 -5 -5 -I --1 3 1 
-64 44 0 0 -16 8 -4 0 0 0 0 
0 o-3 0 0 0 0 0 0 0 0 
-64 44 0 0 16 -8 4 0 0 0 0 
10 10 1 -2 IO 4 -2 0 0 -2 2 
.- 1 26 0 0 -1 5 2 0 --3 -I 1 
35 35 -I -1 35 - I -I I -~ 5 - I I 
35 35 -.. I -I --5 I 7 I I -1 1 
-125 10 0 0 -5 1 -2 -2 I -I I 
~-65 -20 -2 -2 15 3 0 0 3 --I -I 
176 50 0 0 -16 --16 2 0 0 0 0 
-20 ~-29 2 - I 20 -4 --I 1 4 0 0 
--II 16 -1 2 21 -3 0 -2 1 I -I 
320 --40 1 4 0 0 0 0 0 0 0 
45 45 0 -3 m--3 -3 --3 I 1 1 -I 
IO I9 2 -I 18 6 3 I 2 2 0 
-126 36 0 0 -6 6 0 2 2 2 0 
-160 -25 1 I 0 --I2 3 -1 -4 0 0 
-I 35 1 I m-9 -3 3 1 1 -1 -1 
























































































1 1 1 1 
0 0 -144 0 
0 405 45 45 
-1 0 16 0 
-1 0 16 0 
1 -64 0 0 
1 -64 0 0 
-2 0 176 0 
0 168 0 40 
2 35 11 15 
0 -504 0 -24 
1 105 -55 5 
1 105 -55 5 
2 280 120 40 
0 -126 -54 -6 
1 0 144 0 
2 I -1 -5 
2 105 1 -35 
0 168 120 -40 
-1 -70 10 10 
-2 0 -16 0 
-2 0 -16 0 
1 29 -11 -11 
-1 265 -55 -55 
-1 512 0 0 
0 405 -99 45 
-1 --512 0 0 
1 13 -11 9 
-1 104 0 -24 
-1 -55 -55 25 
-1 505 -55 -35 
1 -440 0 40 
1 210 -110 -30 
2 -448 0 0 
1 140 44 -20 
-2 -21 11 -5 
-1 0 -176 0 
0 294 -66 46 
-2 -84 44 -4 
0 -336 0 -16 
2 135 55 -25 











































































































































































or 013. The order of the element is twice the order of the image in Sp(6,2). 
From Table 3, we get the following classes: 
Class 
(4, 1) = 4 













We also have the class: 
Order of Centralizer Class of image 
2” . 32 5 (II, III) 
29 . 3 (III, v> 
26 . 3 (VII, XI) 
2s . 3 (XI, XXIII) 
25 (XI, XVIII) 
25 33 . 5 (IV, VI) 
24 . 34 (XXXVIII, XLIX) 
23 . 33 (X, XVII) 
22 . 3s (XVII, XXVI) 
24 32 (VI, IX) 
24 3 (IX, XVI) 
23 . 3 (XIX, XXVII) 
23 . 3 (XXIV, XXVII) 
2 , 32 (XLI, LI) 
(17 1) 
210.35.53.7.]1 .23 
This accounts for 41 classes, with j C((9, l))[ still undertermined. Summing 
l/l C(u)1 for the 40 known classes u, we get 1 - l/(2 . 33). Letting (no , i,) 
denote the missing class, we must have 1 C((9, 1))1 = 2 . 34 and 
I C((no 3 ;,))I = 34. 
Remark. In the group Go the class (no , o i ) is in fact a class of elements of 
order 9, with cube of class (3,2), according to Conway (6). We use this 
notation in the Tables, because of the Main Theorem. 
Brute force calculations using orthogonality relations, congruence condi- 
tions, and character product decompositions now yield the rest of the charac- 
ter table. The character product decompositions used were these: 
23 ‘23 = 1 + 275 + 253b 
23.253b =23 +4025+ 1771 
23 -275 = 23 + 253a + 4025 + 2024 
23 .253a = 275 + 5544 
23 . 1771 = 253b + 1771 + 7084 + 31625. 
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Table 5 gives the character table. Table 6 gives the block distribution of 
characters. (There are no non-principal blocks other than those described 
in this chapter, and B*(2) is actually one block.) Table 7 gives the prime 
decomposition of conjugacy classes. 
We need the following result, which is obvious from the character table. 
THEOREM 5.4. G has a rational character of degree 23, but has no permuta- 
tion character of degree 23 or 24. G has no subgroup of index 23 or 24. 
p = 23: 
p = 11: 
p = I: 
p = 5: 
p = 3: 
p = 2: 
TABLE 6 
Block Distribution of Characters 
Bi(23) = {1,93312,91125, 896a, 896b, 3520a, 352013, 246400, 
5544,215,249480,9625a, 9625b) 
There are 29 blocks of defect 0. 
B,(ll) = {l, 93312,91125, 896a, 89613,23000,26082} 
X1(11) = {73600, 23,4025, 57960,40250,20608a, 2060813) 
There are 28 blocks of defect 0. 
B,(7) = {l, 91125,3520a, 3520b, 253a, 31625a, 129536a) 
B-,(7) = 1184437, 129536b, 253b, 2024, 31625b, 31625c, 253000} 
B,(7) = (93312,275, 23000,73600,23, 63250, 80960) 
There are 21 blocks of defect 0. 
B*(5) = {246400, 275, 73600, 4025, 177100). Defect group = ((5, 2)). 
B,(5) contains 26 characters: 20 of height 0, 6 of height I. 
There are 11 blocks of defect 0. 
B*(3) = {93312, 91125, 184437). Defect group = ((3, 1)). 
B,(3) contains 39 characters: 33 of height 0, 4 of height 2, 
2 of height 4. 
There are no blocks of defect 0. 
B*(2) = (93312, 896a, 896b,246400, 73600,20608a, 2060813,226688}. 
Defect group is elementary abelian of order 8, with all 
involutions in (2, 2). All characters have height 0. 
B**(2) = {12953a, 129536b). Defect group = <(2, l)>. 
B,(2) contains 32 characters: 16 of height 0, 4 of height 1, 1 of 
height 2, 7 of height 3, 1 of height 4, 3 of height 6. 















































Prime Decomposition of Classes 






2 . 11 








22 . 5 
2.3.5 
2” . 3 . 52 
22 . 5 
3.5 
23 . 34 . 7 
25 . 37 . 5 
23 3” 5 
23 , 22 
22 . 33 
25 . 33 . 5 
24 , 39 
23 . 35 
2” . 32 
24 . 3” 
24 * 3 
23 . 3 
23 . 3 
2 . 34 
2 3” 
34 
210 . 34 . 5 . 7 
2’. 33. 5. 11 
29 . 39 . 5 
29 . 3 
29 . 3 
2” . 3 
25 
Prime decomposition 
(2, 2) x (II, 1) 
(2,2) x (11,2) 
(2, 1) x (7, 1) 
(3, 1) x (7, 1) 
(2, 1) x (5, 1) 
(3, 2) x (5, 1) 
(4, 1) x (5,l) 
(4, 1) x (5, 1) 
(2,l) x (3,2) x (5, 1) 
(2,2) x (5,2) 
(3, 3) x (5,2) 
(292) x (3, 1) 
(2, 2) x (3, 3) 
(2, 1) x (3,2) 
(2, 1) x (3,2) 
(2, 1) x (3, 3) 
(4, 1) x (3,3) 
(4, 1) x (3, 2) 
(472) x (3,2) 
(8, 1) x (3,2) 
(8, 2) x (3, a 
cube = (3, 2) 
(2, 1) x (9, 1) 
cube = (3, 2) 
square = (2, 1) 
square = (2, 1) 
square = (4, 1) 
square = (4, 1) 
square = (4, 1) 
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6. THE MAIN THEOREM 
We use the character pss and a result on lattices due to Feit to prove the 
Main Theorem. 
LEMMA 6.1. pz3 is aflorded by a rational representation. (This follows from 
a result in (3).) 
THEOREM 6.2 (Feit (9)). Let L be a Jinite group with a rationa2, absoZuteZy 
irreducible, faithful representation of degree 23. Assume that L has no subgroup 
of index 23 or 24. Then L acts in this representation on one of three possible 
23-dimensional lattices. 
From the proof of Feit’s theorem we get the following: 
THEOREM 6.3. The lattices in Theorem 6.2 can be identified with the sub- 
lattices A(2), A(3), and A(6& of the Leech lattice A. 
Proof of the Main Theorem. By Theorem 5.4 and Lemma 6.1, G satisfies 
the hypothese of Theorem 6.2. By Theorems 6.2 and 6.3, G is contained in 
one of the three groups Aut(J2)), Aut(A(3)), or Aut(cl(6,,,)). The Main 
Theorem now follows from Corollary 4.12 and Corollary 1.8. 
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